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Abstract-The buckling behavior of sandwich panels with a core that is flexible in the out-of-plane
direction, also denoted as "soft" core including high-order effects, is presented. The buckling analysis
consists of the formulation of the linear and the nonlinear gov(~rning equations along with the
boundary conditions. The sandwich panel construction is general and consists of two skin-panels.
metallic or composite laminated symmetric that may be unidentical and a flexible isotropic or
orthotropic core made of foam or a low strength honeycomb. The analysis uses a high-order theory
formulation, which permits nonlinear distortions of the cross-section plane of the core as well as
changes in its height. The analysis determines the bifurcation loads along with the associated mode
shapes, local or overall buckling modes, as well as deformations, internal resultants and stresses at
skin--eore interface layers due to imperfections. Numerical results using closed form solutions for
simply-supported panels, with identical and non-identical skin-panels subjected to compressive
inplane loads as well as imperfection analysis results, are presented. The results reveal that, under
some structural configurations, the local buckling mode is a critical, rather than a global one as a
result of the out-of-plane flexibility of the core. 'D 1997 Elsevier Science Ltd.

INTRODUCTION

Sandwich structures with "soft" cores made of foam or low strength honeycomb, like
aramid or nomex, are being used in various industrial applications such as aerospace and
civil engineering structures, The use of a foam or low strength honeycomb core, rather than
a metallic honeycomb one, is advantageous in terms of weight, manufacturing processes
and resources, The major difference between a metallic honeycomb and a "soft" core is
due to its out-of-plane flexibility that significantly affects the overall behavior, which under
various loading schemes may lead to different behavior patterns in the upper and the
lower skin-panels as compared with panels whose core is infinitely stiff in the out-of-plane
direction,

The instability of sandwich structures with cores made of a "stiff' metallic honeycomb
has been considered by many researchers. The basic assumption used assumes that the
core is antiplane and incompressible, i.e. one in which the inplane normal stresses in the
longitudinal, x-direction and the transverse, y-direction, directions and the inplane shear
stresses are null, the vertical shear stresses are independent of the vertical coordinate, it is
incompressible in the vertical direction, and its cross-section remains plane after defor
mation. The general approach, in the last few decades [see Allen (1966) ; Plantema (1966) ;
Zenkert (1995)], assumes that the buckling modes of the panel, i.e. the global and the local
(in the form of wrinkling of the skin-panels only), are uncoupled. The global buckling is
defined through the solution of an equivalent panel that considers the shear rigidity of the
core and ignores the out of plane flexibility of the core. For local (wrinkling) buckling
analysis the panel is replaced by two isolated, separate, long skin-panels resting on elastic
foundation that is provided by the out of plane rigidity of the core while ignoring any
interaction between the two skin-panels. A similar approach that also ignores interaction
between the skin-panels and uses uncoupled buckling modes [used by Bulson (1970);
Brush and Almroth (1975) ; Vinson (1986)]. This approach is valid as long as the core is
incompressible in the vertical direction. However, when a compressible, "soft" type of core
is considered, an interaction between the global and the local buckling mode exists, as well
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as a collaboration between the two skin-panels, thus the critical mode may shift from a
global mode to a local one and vice versa. There is a group of researchers, Benson and
Mayers (1967), and Pearce and Webber (1972), that used buckling modes that were sym
metric and asymmetric shapes with respect to the mid-plane of the panel. In two recent
papers, Hunt and Da Silva (1990a, 1990b) used an approach based on energy methods and
superposition of symmetrical and asymmetrical buckling modes. This approach is limited
to specific configurations and boundary conditions. A high-order theory approach, used
by Kant and Pati! (1991), had replaced the sandwich structure with an equivalent high
order shear deformable structure which lacks the ability to determine the local buckling
modes and the imperfection effects on the overall behavior. There are numerous research
works that tackle the panel stability problem numerically using: energy methods [see
Whitney (1987); Kim and Hong (1988); Hassinen (1995)] or finite elements methods [see
O'Conner (1987); AI-Qarra (1988); Rao and Meyer-Piening (1991)]. A different systematic
rigorous approach that is based on a high-order theory and incorporates the effects, due to
the out of plane flexibility of the core as well as its shear rigidity into the behavior, has been
developed the author [see Frostig and Baruch (1990) ; Frostig et al. (1991, 1992b)] and has
been applied to delamination and stress concentration problems [see Frostig (1992a, 1993a,
1993b)], to buckling and vibration beam behaviors [see Frostig and Baruch (1993c, 1994a)],
to sandwich beams with unparalleled skins and laminated composite skins with unsym
metrical stacking sequence [see Peled and Frostig (1994, 1995); Frostig and Shenhar (1995]
and to sandwich panels with a "soft" core [see Frostig and Baruch (l994a, 1994b, 19(6)].
This high-order theory can deal also with unidentical boundary conditions for the upper
and the lower skin-panel at the same edge. It is possible since the independent variables of
the theory consist of the inplane deformations, in the: longitudinal and transverse directions,
the out of plane deformation as well as the rotation of each skin-panel separately, for more
details in the case of beams and plates [see Frostig et al. (1993b, 1994b)]. Non-identical
conditions exist whenever the supporting system of the panel with a "soft" core is imposed
at the lower skin-panel only. A survey of the literature reveals that there is no systematic
rigorous approach to the stability of sandwich panels with a general construction and a
"soft" core and unidentical boundary conditions at the edges of the upper and the lower
skin-panels.

The present analysis adopts the high-order theory approach [see Frostig (1990 to
1996) ; Peled (1994, 1995)] and uses variational principles to formulate the general governing
non-linear behavior equations along with the appropriate boundary conditions. The gov
erning equations at the prebuckling and the buckling stages are derived through a per
turbation technique [see Simitses (1976)]. Closed form solutions are determined for some
typical cases and a numerical study is conducted to define the effects of the out-of-plane
flexibility of the core on the buckling behavior.

The assumptions used in the analysis are usually those encountered in elastic theories
with intermediate class of deformations, i.e. small deformations with large rotation. The
skins are considered as ordinary thin panels with flexural and inplane rigidities. The
imperfections are small and are imposed only on the skin-panels. The core follows the
assumption adopted by many researchers for a honeycomb type of core [see Allen (1966) ;
Plantema (1966) ; Zenkert (1995)] i.e. it has shear resistance, but is free of inplane normal
and shear stresses. This assumption is also practically correct for foam cores, since its elastic
modulus and its flexural rigidity are about three and two orders, respectively, smaller than
those of the skin-panels. In the case of a honeycomb core made of non-metallic materials,
like aramid or nomex, this assumption is accurate [see Marshal (1982)]. The core is assumed
to behave elastic, linear with small deformations while its height may change and its cross
section plane takes a nonlinear pattern after deformation.

The manuscript presents a rigorous general stability analysis. The nonlinear governing
equations along with boundary conditions are derived first. The linear equations for the
prebuckling and buckling stage are determined next and are followed by an imperfection
buckling analysis. Closed form solutions for the pre-buckling and the buckling stages are
determined for some typical sandwich constructions subjected to inplane external loads.
Numerical results and a summary with conclusions are presented in the sequel.
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MATHEMATICAL FORMULATION
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The nonlinear governing equations and boundary conditions are derived via variational
principles. Imperfections are incorporated in the analysis and the bifurcation buckling
equations are derived through a perturbation procedure.

NONLINEAR ANALYSIS

The nonlinear formulation is based on a variational procedure that mmlmlzes the
functional of the total energy of the structure. The first variation of the internal and external
potential energies are expressed in terms of stresses, strains, external vertical distributed
loads and external inplane loads exerted at the edges of the panels.

Hence, the variation of the internal potential energy reads:

bU = r (al" &I,x + a~) be:, +T'n by',y) dv +f (a~x &~, + (J~) ()e~, + T~y bf~)) dv
J~ ~

+ r (Te bYe +Tyz byyz + (Jzz bezJ dv (I)JVcore

where a,i and eii (i = x or y) are the normal stresses and strains in x- and y-directions at the
upper and the lower skin panels; T i_ and Yiz (i = x or y) are the vertical shear stresses and
shear strains of the core; a== and ezz are the normal stresses and strains in the vertical
direction of the core; VI' Vb and Vcore are the volume of the upper and lower skin panels
and the core, respectively, and dv denotes the volume of a differential segment, see Fig. I
for coordinate and sign conventions.

Upper (Top) Skin-Panel

(b)

z.

Core

LDW.' Skin

(a)

(c)

Lower (Bottom) Skin-Panel
Fig. I. Geometry, deformation patterns and internal resultants: (a) geometry; (b) deformations
sign convention and internal resultants of skins and cores and inplane external loads; (c) defor

mation pattern through the height of th(~ panel.
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The variation of the external energy equals:

(2)

where qt and qb are the vertical distributed loads exerted on the upper and lower skin
panels, respectively; NUll and NUb) are the external loads in x-direction and Nn-ri and .vxYhl

are the external inplane shear loads applied at the upper and the lower skins-panels edges,
respectively, and are exerted at XI = 0 and X2 = a with j = I, 2; Nryti and Nyyb) are the
external inplane loads in the y-direction and Nxv!) and Nxrh) are the external inplane shear
loads applied at the edges of the upper and the lower skins-panels, respectively, and are
exerted at YI = 0 and Y2 = b with j = I, 2 ; (>d (x - .x) and bd (y - yJ are the Delta of Dirac
functions at the location of the load: W;, u'o' and VOl are the vertical deflection and inplane
displacements in x- and y-directions of the mid-plane ofeach skin-panel i = I, b, respectively.
The second and the third terms in egn (2), after integration with respect to the Dirac
functions, actually describe the contribution of the external loads on the transverse and the
longitudinal edges of the panel, respectively. Geometry and sign convention for stresses,
displacements and loads appear in Fig. 1.

The kinematic relations for the skin-panels based on small deformations with large
rotations of the skin-panels [see Brush and Almroth (1975)] read as follows. For each skin
panel:

YXl'i = }'xyoi+ZiXxyi, (3)

where the mid-plane inplane strains and curvatures read

Xxxi = - Wi,xx Xyyi =, - Wi,yy Xxvi = - 2w i ,xp (4)

where Buo;, Evyo! and Yxyoi (i == I, b) are the inplane strains in x- and y-directions and the
inplane shear angle of the mid-plane of the upper and the lower skin-panels, respectively;
Xxx;, XYVi and Xxyi (i = I, b) are the curvature in the x- and y-directions and the torsion
curvature of the skin-panels, respectively; uni(x,y) and voi(x,y) (i = I, b) are the inplane
displacements in x- and y-directions of the mid-plane of each skin-panel, respectively;
wi(x,y) and wr(x) are the vertical and imperfection deflections of each skin-panel, respec
tively (i = I, b); Zi is the vertical coordinate of each skin-panel (i = I, b) and is measured
downward from the mid-plane of each skin·vanel [st:e Fig. 1(b)] and ( ).kl denotes a partial
derivative with respect to k or I.

The kinematic relations of the core that are based on small deformations:

Yxz = Uc,z +We.)
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(5)

where ue(x, y, ze), vc(x, y, ze) and We (x, y, zJ are the x- and y-displacements and the vertical
deflection of the core, respectively, and Ze is the vertical coordinate of the core, measured
downward from the upper skin-core interface [see Fig. I(b)].

The compatibility conditions, assuming full bond between the core and the skin-panels,
at the upper and the lower skin--eore interface, (j = t, b), equal:

d
,. (~ - ~) -" +(·_I)k -l't'Uc '::'c -':"j - Voj 2 y 1X

(6)

where k = 0 when j = t and k = 1when j = b; Zt = 0 at the upper interface and Zb = c at
the lower interface, uc(zc = z), ve(ze = z) and wc(ze = z) with Zj = 0, c (j = t, b) are the
displacements in the x- and y-directions and the vertical deflection, respectively, in the core
at the upper and the lower interface layers; and ~. (j = t, b) and c are the thickness of the
upper and the lower skin-panels and the height of the core, respectively [see Fig. I (a) and
(b)].

The field equations and the boundary conditions are derived using eqns (1) and (2),
along with the kinematic relations, eqns (3)-(5), with the compatibility conditions, eqn (6),
and using internal resultants [see Fig. l(b)]. Hence, through substitution of the internal
resultants in eqn (1) and after integration by parts and some algebraic manipulation, the
governing equations read as follows. For the upper and the lower skin-panels (j = t, b) :

(7)

(8)

+ [N~Awj,x +W!x)]" + [Njy(wj,y + w/'y)L + [Njq(w j •x+w!,)],y

+[N~y(wj.\.+wjy)],x = -qj, (9)

where Nim N~y and Ni,y (j = t, b) are the inplane normal stress resultants in x- and y
directions and the shear stress resultant, respectively, at the upper and the lower skin panels
and Mi", M~T and Min (j = t, b) are the bending moment stress resultant in the x- and y
directions and the torsion moment resultant, respectively, at the upper and the lower skin
panels. For sign convention see Fig. l(b).

The governing equations of the core read:

Tc,o = 0

'F,O = 0

(10)

(11 )

(12)

The shear stresses, Tc and 'yz, see eqns (10) and (11), are uniform through the height
of the core and are functions of the x and y only. Thus:
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(13)

or 'xz (Ze = 0 or c) = 'x and 'yz (zc = 0 or c) = ry [see eqns (7)~(9)].

The boundary conditions for each skin-panel and core at the panel edges, at x = 0, a
and y = 0, b and at the upper and lower skin-panels, (j = t, b) :

N~x(x = 0 or x = a) = -Nxxjo or N.n;a or UOj(x = 0 or x = a) =0

NJq(x = 0 or x = a) = -Nxyjo or N xvja or voj(x = 0 or x = a) =0

N~Ay = 0 or y = b) = -NyyJO or NYYjb or L\,Jy = 0 or y = b) =0

N~Ay = 0 or y = b) = -NxyJO or N XYjh or uoj(Y = 0 or y = b) =0

MJ~xCx = 0 or x = a) = 0 or wj.Ax = 0 or x = a) = 0

MJvy(Y = 0 or y = b) = 0 or wJ.vCr = 0 or y = b) = 0

(14)

(15)

(16)

(17)

(18)

(19)

or w;(x = 0 or x = a) = 0 (20)

or w;Cv = 0 or y = b) = 0 (21 )

MJxy at ((x = 0 or x = a) and (y = 0 or y = 17» = 0

orwj((x=O orx=a) and (y=O ory=b»=O, (22)

where Nn;k> N YYjk and NxyJk (k = 0 or a or b,) = t, b) are the inplane external loads in the x
and y-directions and the shear inplane external loads exerted at the edges of the upper and
the lower skin-panels, at x = 0 or a, and y == 0 or b, respectively. It should be noted that,
since the conditions described by eqns (14)~(22) are imposed on the upper and lower skin
panels independently, non-identical boundary conditions are allowed at the same edge.

The conditions at the edges of the core at Zc = z, read:

rJx = 0 or x = a) = 0 or wc((x =, 0 or x = a),z) = 0

'y(y = 0 or y = b) = 0 or we((y = 0 or y = b),z) = O.

(23)

(24)

It should be noticed that these conditions must be fulfilled at any point through the height
of the core.

The constitutive relations for each skin-panel assuming a laminated composite elastic
behavior with a symmetrical lay-up read as follows. The inplane resultants relations are:

lV/n = A II/ixxoj +A 12/iyyoj +A 16/Yxyoi

and the bending and torsion moment resultants relations
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where Amni and Dmni (m, n = 1,2, 6,j = t, b) are the reduced inplane and flexural rigidities
[see Whitney (1987)] of the upper and the lower skin-panel laminates, respectively.

The constitutive relations for an orthotropic antiplane compressible core are:

Tcy. =----
}Z GC)T'

(28)

where GO'v , Gcyr and Eel = E c are the shear moduli of the core and its elastic modulus in the
vertical direction, respectively.

In order to express the governing equations in terms of the deformations of the
upper and the lower skin-panels the stress and the deformation fields of the core must be
determined first. The stress and the deformation fields of the core are analytically determined
using the compatibility conditions, see eqn (6) along with constitutive relation, see eqn (28)
and following the procedure described in Frostig and Baruch (1994, 1996).

The vertical normal stresses and the vertical deformations through the depth of the
core read:

(29)

(30)

Hence, the vertical normal stresses at the upper and the lower skin--core interfaces, see eqn
(9), equal:

(31 )

The deformations of the core in x- and y-directions through the depth of the core,
using the compatibility conditions at the upper skin only, see eqn (6) :

(32)

(33)

The deformation in the various directions have a nonlinear pattern through the depth
of the core that are actually high-order effects that other theories lack or ignore. These
high-order effects must be considered when "soft" cores are of concern.

The governing equations are formulated in terms of the following eight unknowns;
the in-plane deformations of the mid-plane of each skin-panels, in the x-direction, Uot and
Uob; in the y-direction, Vot and Vob; the vertical deflections of the upper and the lower skin
panels, W t and Wb; and the shear stresses in the core in the vertical direction, 'x and Tv·
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Hence, six equations (out of the eight) are determined through the substitution of the
constitutive relations, see eqns (26) and (27), in the field equations, eqns (7)--(9) and use
of eqns (31). The additional two equations are derived using the inplane displacement
distributions of the core in x- and y-directions, see eqns (32) and (33), and the compatibility
requirements at the lower skin-core interface, see eqn (6). In order to avoid lengthy
equations the inplane resultants are used instead of their constitutive relation counterparts.
Hence, the governing equations are:

N~x.x+ N~y.y + 'x == 0

N:.y.y+ N',y.x + Iv == 0

N~x.x + N~y.y - 'x == 0

N~y.y + NI~y.x - I, == 0

(34)

(35)

(36)

(37)

Gcxv

(40)

(41)

This set of eight nonlinear POEs, in terms of the aforementioned unknowns, comprises
six second-order equations and two fourth-order equations and, therefore, requires 20
boundary conditions, see eqns (14)-(24). These governing equations are an enhancement
and a generalization of the equations used by other authors [see Allen (1966) ; Plantema
(1966); Bulson (1970); Brush and Almroth (1975); Zenkert (1995)]. This set of equations
reduces to the governing equations of sandwich beams with a "soft" core [see Frostig and
Baruch (l993c)] when the terms with respect to the y-direction and inplane shear resultants
are null and eqns (35), (37), (39) and (41) are ignored. A linearized solution approach, that
leads to prebuckling and buckling stages, is considered since no general solution exist to
this set of equations.

BIFURCATION ANALYSIS--LINEARIZED EQUATIONS

The behavior equations of the prebuckling and the buckling stages are derived through
a perturbation and linearization technique [see Simitses (1976)], where the load scheme
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y
X

a -+

y=b

N xx .0

y=O

Properties

Es IGc=100 or 1000

Ec/G c=2.6 or 10

GCXy=G c

G cyy/GcXY =1 or 0.5

b/h=14.96

h/d t =40.1

d~dt=1 or 2

x=O x=a

Upper Skin

N~I=Co=r=e·===·=·=:j2>fb
Lower Skin

a

Section at y=b/2

Fig. 2. Inplane loads scheme, geometrical and mechanical properties of typical sandwich panel.

consists of inplane loads applied at the panels edges only, see Figs 2 and 6, and the
imperfection deformations are null. Thus, the unknowns take the following form:

(42)

where the superscript (0) refers to the prebuckling state or a membrane state and superscript
(I) refers to the buckling state and ( « I is the perturbation parameter. Hence, after the
substitution of eqn (42) in the constitutive relations, eqns (26) and (27) along with the
kinematic relations, eqn (4), and after linearization the stress resultants:

where

and A ilj and D ilj (I = 1,2,6) are the reduced stiffness coefilcients, see eqns (26) and (27).
The bifurcation equations are derived assuming that the prebuckling stage consists of

a membrane state with no vertical deformation, w~O) = 0 (j = t, b). The governing equations,
for the two stages, are derived by substituting eqns (42) and (43) in eqns (34)-(41) and
collecting the terms multiplied by (0 and C, separately. Higher-order terms of ( have been
neglected. Thus, the governing equations are as follows. Pre-buckling state
(w~O) = w~O) = 0) :
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N~~)~+ N~i~! - T~O) == 0

(
(0) (0) dt+c_

T q + r y .y ) 2 - 0

(rlO) + rlO» db + c = 0
X.X y.y 2

(0). (0) + (0) ) 3
r x ( _ r x .xx rl',xy~ (0) (0) _

G 12£ +uot -Uob - 0
exv cv

(45)

(46)

(47)

(48)

(49)

(50)

(51 )

(52)

The boundary conditions for this stage are derived in a procedure similar to those
described in eqns (14)-(24). The conditions at the edges of each skin-panels (j = t, b) are:

NJ~~l(X = 0 or x = a) = -Nx,-'(jo or N xx,a or u~,~) (x = 0 or x = a) = 0

N~~O)(x = 0 or x = a) = -lVxyio or N xyia orv~Jl(x = 0 or x = a) - 0

N~(~l(y = 0 or y = b) = -N)'YiO or N YYib or v~~) (y = 0 or y = b) = 0

(53)

(54)

(55)

NJ~~l(y = 0 or y = b) = -NxyJO or N xy/h or u~J)(y = 0 or y = b) = 0 (56)

and at the edges of the core at Zc = z, equal

r~O)(x = 0 or x = a) = 0 or W20 l((X ,= 0 or x = a),z) = 0

T~,Ol(y = 0 or y = b) = 0 or W20 l((y == 0 or y = b),z) = 0,

(57)

(58)

The governing equations for the buckling state after linearization and neglect of the
high-order terms with respect to ( are:

(59)

(60)

(61)

(62)
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(65)

(66)

The appropriate boundary conditions for the buckling stage are as follows. At the edges of
the upper and the lower skin-panels, (j = t, b) :

N~~)(x = 0 or x = a) = 0 or u~)l(x = 0 or x = a) = 0 (67)

Nf~,I)(X = 0 or x = a) = 0 or u~Y(x = I) or x = a) = 0 (68)

N~~I)(y = 0 or y = b) = 0 or u~)(y = 0 or y = b) = 0 (69)

NJ,c,n(y = 0 or y = b) = 0 or u;,)(y = 0 or y = b) = 0 (70)

M~~)(x = 0 or x = a) = 0 or wyj(x = 0 or x = a) = 0 (71)

M~})(y = 0 or y = b) = 0 or w),~(y = 0 or y = b) = 0 (72)

orwj!)(x=O orx=a)=() (73)

M /(I) +2M/(I) +r(l) ~ +N/(O)u,(I) _L 7\T/(O)\,,\I)I(" = 0 or}· = b) = 0
y.V,y xy.X}' 2 YY r~ j,y r lV· x.v ~ ),X f

or wj!)(y = 0 or y = b) = 0 (74)

M/~}) at ((x = 0 or x = a) and (y = 0 or y = b)) = 0

or wjn((x = 0 or x = a) and (y = 0 or y = b)) = O. (75)

At the edges of the core at Zc = z, they read:
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r~I)(x=O orx=a)=O or11'~l)((x=O orx=a),z)=O

ry)(y = 0 or y = b) = 0 or 11'~l)((y ,= 0 or y = b),z) = O.

(76)

(77)

IMPERFECTION ANALYSIS

The imperfection analysis uses the nonlinear governing equations, eqns (34)~(37), but
with linearized inplane strains, eqn (4), and the linearized boundary conditions. eqns (14)~

(24), and assumes that the vertical imperfection displacement, 11'j (j = t, b), of the skin
panels is small, but with moderate rotation. The derivation procedure of the governing
equations follows the steps described before and is based on the assumption, commonly
used by many researchers [see Bulson (1970); Brush and Almroth (1975); Simitses (1976)]
that the prebuckling stage is unaffected by the imperfections. Hence, the inplane resultants
are those of the prebuckling stage, see eqns (45)~(52). The first four equations, eqns (34)
(37) and the last two equations, eqns (40) and (41), remain unchanged, but with linearized
inplane strains. The differences are in the two equations which describe the equilibrium in
the vertical direction, eqns (38) and (39), hence:

(79)

where the superscript (0) refers to the inplane stress resultant of the prebuckling stage, see
eqns (45)-(52).

The boundary conditions follows the ones described in eqns (14)-(24), but with
differences in eqns (20) and (21) which take the following form:

or 11'J(x = 0 or x = a) = 0 (80)

MJ +2MJ +r cl1 +Ni(O)(11'. +11'* )+NJ(O)(11'+w*)I(v = 0 or V = b) = 0yy,}' xy,~"t.V 2 YY J,Y J.y X}. },.J; ) ..x ~ 0/

orwj(y=O ory=b)=O. (81)

The solution of this set of nonlinear governing equations in general is very complicated.
However, for some particular boundary conditions and particular loading schemes an
explicit solution exists.

BIFURCATION ANALYSIS~CLOSED FORM SOLUTIONS

The governing equations of the buckling stage, see eqns (59)-(66), are linear and
depend on the inplane resultants and shear stresses of the prebuckling stage, see eqns (45)~

(52). A closed form solution of the prebuckling stage equations for a general laminated
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composite skin-panels construction is impossible. However, for some typical cases described
next closed form solutions exist.

Prebuckling stage
A closed form solution of the prebuckling stage exist for isotropic and orthotropic

cores with movable and immovable inplane boundary conditions. The inplane loads are
applied at the edges of the panel and through its height, see Fig. 2. The distribution of the
load between the two skin-panels is determined assuming that a uniform edge displacement
through the height of the panel occurs, e.g. the inplane normal strains or shear angle strain
in the upper and the lower skins are identical.

A closed form solution that is independent of the coordinates with movable boundary
conditions exists in case of skin-panels made of laminates that consist of either a quasi
istotropic or a specially orthotropic stacking sequence as long as the poisson ratios of the
two skin-panels are identical in the x-direction and in the y-directions. Thus, the inplane
resultants in the upper and the lower skin-panels,) = t, b, are:

r~O) = ° r;O) = 0, (82)

where Nm Nyy and N xy are the inplane external loads applied at the edges of the panel
through its height and the distribution coefficients equal:

'Y. j = ,
A lljA 22/-Ai2j

(j = t, b), (83)

where the inplane rigidities of the upper and the lower skin-panels for the various stacking
sequence (j = t, b)
quasi-isotropic

specially orthotropic

Vxt = Vxb = V" V vt = Vyb = up A Ilj = Eyjd)(l- uxvy ), A 22j = E vjd;f(l - VyV,) ,

A I2j = uxA llj = V,.A 22j , A 66j = Gx}jdj

and N no , N yyo and N'Yo are the inplane external load per unit length applied at the edges of
the panel through its height. It should be noted that an inplane load applied in one direction
does not yield inplane resultants in the other direction as well as shear resultants and vice
versa.

In the case of a symmetrical laminated composite skin-panel, with immovable inplane
conditions at the unloaded edges and at the loaded edge in the direction perpendicular to
the applied load, a closed form solution exists. In this case the vertical shear stresses of the
core are null, r~O) = T~~) = 0, and the inplane stress resultants are independent of the
coordinates and they are determined through the solution of the following set of 12 algebraic
equations:

N.utO = A I I t?xxot +A 12thyot + A 16t rxyot, N.ubO = A 1 I btxxob + A 12t t yyob + A 16trxyob

N yytO = AJ2t8uot+A221tyyot+A26tlxyot, N,ybO = AI2btxxob+A22b8,yob+A261}'xyob

N xytO = Al6ttxxol +A26ttyyot +A661lxyot, N xybO = A 16b8uob +A26btyyob + A 66t Yxyob

(84)
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Nuto + fJxxbO = illn

IVyytO + N,ybO = fi/V)

NxytO + N.'YbO = iI/,.'"

where the unknowns are: the inplane resultants in the various skins, NajO , llv\jo and }{xyjO

(j = t, b), and the inplane normal and shear angle strains, Gxxoj, Gyyoj and yxyo/ (j = t, b). The
closed form solutions are very lengthy and their explicit description is omitted for brevity.

The general description of the inplane resultants are:

where najkl, nxyjkl and n,yjkl (j = t, band k= x or y and 1= y or x) are the distribution
factors of the upper and the lower skins for the inplane resultants in x- and y-directions
and the shear resultant due to various inplane loads, respectively.

Buckling stage~simply-supportedpanel
A closed form solution of the governing equations of the buckling stage exist in the

case of a panel with simply-supported edges and normal inplane loads applied at the edges.
Thus, the unknowns are:

,(I) ,_ ~ ~ . mn,:. . nny ,II) __ ~ ~ mnx nnv
~}t (x,}) - L. L. Cwllnn sm Sill b ~h) (x,y) -- L. L. C.vbmn sin--sin-

b
'

m=ln=l a m=ln=! a

(I) ,_ ex ex. mnx . nny (1) • _xc ex mnx . nny
Uot (x,}) - m~1 n~1 Curmn cos a sm b Uc·b (x,y) -- m~1 n~1 Cubmn cos a Sill b

ex ex mnx nny ex ex mnx nny
T~I)(X,y) = L: L: CTXmncos--sin-

b
T~l)(X,y) == L: L: Cymnsin-cos-b' (86)

m=ln=1 a m=ln=l a

The substitution of the unknowns, eqn (86), into the governing equations of the buckling
stage, eqns (59)-(66), yields:

ex ",
L: L: (K mn - PGmn)Cm = 0, (87)

m=l n= I

where K mn and G mn are the stiffness and the geometrical matrices, respectively, and emn is
the vector of the constants unknowns of the m, n terms and P is the eigenvalue, i.e. the
external inplane load. The stiffness matrix takes the following form :

K11mn K 12mn 0 0 0 0 KI7mn 0

KI2mn K22mn 0 0 0 0 0 K28mn

0 0 K33mn K34mn 0 0 K 37mn 0

0 0 K34mn K44mn 0 0 0 K48mf.

K mn =
0 0 0 0 K ssmn KS6mn K57mn KS8mn

(88)

0 0 0 0 K 56mn K66mn K67mn K68mn

K I7mn 0 K37mn 0 K S7mn K67mn K77mn K78mn

0 K28mn 0 K48mn K ssmn K68mn K 78mn K88mn

where the explicit description of the non-zero terms of the matrix appear in appendix A..
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The geometrical matrix is a diagonal matrix that reads:

[ ( ) 0)- (2 2)_ . 2 m- n- N yy 2 m n
Gmn-dmg 0,0,0,0,][ --nyxtn+-nyytn -+n -nxxtn+-nxxtyV,

a' . . b2 .. N.n a2 ·· b2 ··

2 (m 2 n2

) Nyy
2 (m 2 n2

) J
n -2 nyybxx + b2 nyybtyy N + n -2 nxxbxx + 2 nubyy ,0, °.

a xx a b

The vector of the unknowns is:
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(89)

(90)

The bifurcation load is determined by solving the eigenvalue problem, see eqn (87),
for each m and n terms and it equals the smallest eigenvalue among all m and n values. It
should be noted that the geometrical matrix has only two non-zero terms on its diagonal,
which means that for each m and n value there are only two eigenvalues with two eigen
modes. The eigenvalues can be explicitly determined, but due to their lengthy equations
only numerical results for some particular cases are presented.

In the case of imperfections, with shape functions similar to those of the eigenmodes
for Wt and Wb, see the first row in eqn (86), and for a given inplane load, the governing
equations, eqns (34)-(37), (78)-(79) and eqns (40)-(41), take the following matrix form:

Cf:;X occ~

I I (Kmn - PGmn)Cmn = I I Rmn ,
m=Jn=l m=ln=",1

where the transpose vector of the right side reads:

For brevity, only numerical results for some cases are presented.

NUMERICAL STUDY

(91)

(92)

The numerical results include bifurcation analysis of sandwich panels with isotropic
and orthotropic "soft" core and quasi-isotropic identical and non-identical skin-panel
laminates and are merely included to describe the ability of the proposed analysis rather
than a parametric study.

Bifurcation buckling
The bifurcation load corresponds to the smallest eig{:nvalue of eqn (87) and depends

on the geometry and the mechanical properties of the skin-panels and the core. It also
depends heavily on the modulus of elasticity of the core in the vertical direction, EeUJ and
the shear moduli of the core, Gcxv and Geyv ' The results are presented in terms of the
bifurcation coefficient, Kef = N xx (b 2

/n
2D2

), vs the panel aspect ratio, alb. The effects of the
core properties on the critical loads have been investigated for "soft" cores with
EIGexv = 100 and 1000 and for a "stiff" one with EslGexv = 10 where
Ee/Gexv = 2(1 +ve) = 2.6. The results based on the classical theories for global buckling and
wrinkling [see Allen (1966) ; Plantema (1966) ; Bulson (1970) ; Column Research Committee
of Japan (1976); Zenkert (1995)] are presented for comparison.
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Buckling Coef. Ver. alb, dt=db, Gcxv/Gcyv=l (Isotropic)
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Legend _ Es1Gc(1 )=100·· Es/Gc(2)=1000, EdGe: S=2.6, H=10

Fig. 3. Critical buckling load ratio. K" vs panel aspect ratio of a simply-supported panel with
isotropic skin-panels. d, = db' and an isotropic core.

The geometry of the investigated simply-supported panel along with the external load,
IV" appear in Fig. 2. The cases discussed include: identical and nonidentical with db == 2d,
isotropic skin-panels and an isotropic core; and identical isotropic skin-panels with an
orthotropic of the core, Gcy,/Gc" = 0.5.

The results of the sandwich panel with the isotropic identical skin-panels and with an
isotropic core appear on Fig. 3. The results include the critical loads determined by the
proposed analysis and the global and wrinkling critical loads determined by the classical
theories. The results of the proposed theory in the case ofa "soft" core are smaller than those
of the classical global and wrinkling loads while in the case ofa "stiff" core, Ec!Gcx! = 10., the
results of the proposed and the classical theories (kcG) coincide. In the case of "soft" core,
where EslGc = 100, described by the solid line (kS(l)) curves the critical load is independent
of the aspect ratio of the panel and the buckling mode corresponds to W,max/Wbmax = - I,
where IV'max and Wbmax are extreme amplitudes of the deflection mode of the upper and the
lower skin-panels, respectively. It means that each skin-panel is displaced opposite to the
other. However, in the case of a "stiff" core (kH) the buckling mode shifts to a global one
with w,max!Wbmax = I, which means that the two skins are displaced in the same direction.
In the case of E,/Gc = 1000, described by the dash line curves (kS(2)), the loads are
independent of the panel aspect ratio and the buckling mode corresponds to
w'max!Wbmax = - I with very high mode numbers. The classical results, global and wrinkling
critical loads (kwS, kwH), in this case yields higher values for the buckling load then those
predicted by the proposed theory.

The second case deals with unidentical isotropic skin-panels, where db = 2d" and the
core is isotropic. The results appear on Fig. 4. The results of the high-order analysis and
those of the classical ones coincide when the core is stiff. In the cases of a "soft" core the
results either coincide with the wrinkling predictions based on classical approaches or are
lower.

In cases of an orthotropic core with Gcn/Gcxl' == 0.5 and the skin-panels are isotropic
and identical the critical load ratio appear on Fig. 5. In this case the results of the proposed
theory are always lower as compared with the classical ones. In the case of Es!Gc = lao and
EjGc = 10 the global buckling mode governs, thus wbmaxlwtmax = 1. It should be noticed
that, in the case of a "soft" core, the load level has been drastically reduced as compared
with the "stiff' core and the buckling mode shifts from the global mode to the local one
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Buckling Coef. Ver. alb, db=2dt,Gcxv/Gcyv=1 (Isotropic)
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Fig. 4. Critical buckling load ratio, K" vs panel aspect ratio of a simply-supported panel with
isotropic skin-panels with db = 2d, and an isotropic core.

Buckling Coef. Ver. alb, db=dt,Gcyv/Gcxv=O.5 (Isotropic)
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Fig. 5. Critical buckling load ratio, K" vs panel aspect ratio of a simply-supported panel with
isotropic skin-panels, d, = db, and an orthotropic core, G"" = O.5G,x,'

with Wbmax!Wtmax = - I and with high mode numbers. In the other case, where Es/Gc = 1000,
a local buckling mode governs.

Imperfection analysis
The behavior of a panel subjected to simultaneous compressive inplane loads at its x

and y edges with symmetrical and unsymmetrical imperfection pattern has been studied.
The numerical study is used to reveal the pace at which the extreme values of the deflections,
stress resultants and the peeling stresses increase as the external loads approach the critical
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Fig. 6. Simultaneous inplane external loads, geometrical and mechanical properties of a sandwich
panel with imperfections.

load of the panel. The loading scheme and the geometrical and mechanical properties of
the panel appear in Fig. 6. The imperfection pattern chosen equals:

(93)

where mimp = nimp = 27 and the symmetrical and unsymmetrical imperfection amplitudes,
with respect to the midheight of the panel, read as the symmetrical mode:
Wtimp = - Wbimp = h/l0 and the unsymmetrical mode: Wtimp = Wbimp = h/lO, where h is the
total height of panel.

The results, see Fig. 7, include the extreme values of the vertical deflections and the
bending moments of the upper and the lower skin-panels, the shear resultants of the skin
panels and the core, and the peeling stresses at the upper and the lower skin--core interfaces,
vs the external load relative to the critical load panel. The values of the unsymmetrical
mode are always smaller than those corresponding to the symmetrical mode, since the
critical mode shape of the panel is symmetric. The vertical deflections, see Fig. 7(a) cor
respond to the imperfection patterns, thus in case of a symmetrical imperfection mode it
yields W t = - Wb that increase as the load ratio approach I and W t = Wb in case of an
unsymmetrical imperfection mode. The bending moments, see Fig. 7(b) follow the same
trends as those of the deflection, but their increase is lower as compared to the deflections.
When the imperfection pattern is symmetrical, the shear stress resultant in the skin-panels,
see Fig. 7(c) are symmetrical, while those of the core are null. In case of an unsymmetrical
imperfection mode the shear resultants are mainly carried by the core and the shear
resultants in the skins are very small. High peeling stresses at the skin--core interfaces that
are usually the major cause of a premature failure in the form of debonding of the skin
panel from the adjacent core, appear in Fig. 7(d). These stresses increase at a very steep
gradient when the load ratios approach I and the imperfection pattern is symmetric. In this
case the peeling stresses at the upper and lower skin--core interfaces are identical. The
stresses are much lower when the imperfection pattern is unsymmetric and with opposite
signs. It should be noticed that the peeling stress capacity of a flexible core is usually very
low, thus moderate values of peeling stress may initiate debonding that leads to premature
catastrophic failure of such panels.
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Fig. 7. Symmetrical and unsymmetrical imperfection results with IV/imp = h/1 0 (j = I, b) of a typical
panel: (a) vertical deflections; (b) bending moments of upper and lower skin-panels; (c) shear
resultants of skin-panels and core; and (d) peeling stresses at upper and lower skin-eore interfaces.

SUMMARY AND CONCLUSIONS

A rigorous systematic stability analysis of sandwich panels with a flexible core that
uses high-order theory is presented. The formulation uses a variational procedure along
with kinematic relations, based on small deflections and moderate rotations, to derive the
governing equations with the appropriate boundary conditions for the various stages of
buckling. Pre-buckling and buckling governing equations and the corresponding boundary
conditions have been derived using a perturbation technique. Imperfection analysis equa
tions have been defined and is merely used to determine the magnitude of the stresses
involved.

The high-order analysis is general, applicable to any type of core, isotropic or ortho
tropic, to any type of skin-panels, isotropic, orthotropic or composite laminated with non
identical skins. The formulation also allows non-identical boundary conditions at the
various skin-panels edges, which is required when sandwich panels with a "soft" core that
are supported only at the lower skin-panel are considered.
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Fig.7-Continued.

Closed form solutions of the prebuckling stage that are independent of the coordinates
exist in cases of isotropic or orthotropic skin-panels with movable in-plane boundary
conditions, and for a general symmetric composite laminated skin-panels in case ofimmov
able boundaries. The bifurcation loads are determined through the solution of the buckling
stage governing equations. Closed form solutions for various identical classical boundary
conditions at the same edge exist. However, for simplicity and brevity only the equations,
stiffness and geometrical matrices of a simply-supported panel are presented. The geo
metrical matrix is a diagonal matrix with two non-zero terms. Thus, only two eigenvalues
and two eigenvectors (mode shapes) exist for every mode number. In the case of identical
skin-panels the corresponding buckling mode shapes consist of global (asymmetrical with
respect to center of core) and local (symmetrical) modes. In the case of a "stiff" core the
global mode shape with low mode number governs while the "soft" cores the critical load
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usually correspond to the local (wrinkling) mode shape. In the case of unidentical skin
panels the buckling mode shapes are neither symmetric nor asymmetric and a separation
to symmetrical and non-symmetrical mode is artificial and not beneficial. The classical
approaches, that defines buckling through global buckling or wrinkling buckling separately,
yields conservative results in case of sandwich panels with a "soft" core.

The imperfection analysis is presented to predict quantitatively the buckling behavior
in terms of deformations, stresses and internal resultants at various load levels of the
external compressive loads. The imperfection analysis study reveals that the peeling stresses
increase at a very steep gradient as the external inplane load approach the critical one thus
leading to high peeling stresses even at low load ratio. These stresses may exceed the stress
allowable of the skin--eore interface and might initiate debonding which usually leads to a
premature failure in the form of debonding of one of the skin-panels from the core.

The formulation presented herein enhances the physical insight of the buckling
behavior. It allows the investigation of the panels with unidentical boundary conditions at
the upper and the lower skin-panel edges. It defines the governing equations for the pre
buckling and buckling stages and determines the critical load and the corresponding mode
shape of panels with a rigid or a "soft'" core. The immature collapse associated with
buckling tests of such structures is explained through the imperfection analysis. The use of
the high-order theory along with the presented analysis is recommended whenever sandwich
panels with an out of plane flexible core are concerned.
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APPENDIX A

Stiffness matrix~coefficients

K'7mn=1

A66bmnn:' A '2bmnn:'
KJ4mn = - --ab-- - ab

K 28mn = -I

K J7mn = -1

mn:(d,+c)
KS7mn = - 2a

/ mr(db +c)
K68mn = - --2-b--

mnn2 c :l

K7Hnin = -IJE~.-. Cl,ao


